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Abstract: The aim of this paper is to introduce the new concept of a Bipolar Pythagorean refined set 
by combining the two notions called a Bipolar Pythagorean set and a Pythagorean refined set. Also, 
basic operations and algebraic properties of the Bipolar Pythagorean refined set are discussed with 
suitable examples. 
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1. Introduction 

Fuzzy sets were first initiated by Zadeh [24] and he examined the membership function. After 
introducing some more concepts with fuzzy set theory, Atanassov [1, 2, 3, 4] generalized and 
introduced the new concept called intuitionistic fuzzy set (IFS) which is a generalized form of FS. 
Atanassov [5, 6] extended the set to Intuitionistic fuzzy Multi-dimensional sets. Also, Intuitionistic 
fuzzy topological spaces were introduced by Coker [11]. 

Yager [22] familiarized the model of Pythagorean fuzzy sets. Peng and Yang [20] presented the 
basic operators for PFNs. In [21, 23] similarity measures, distance measures, and multiple decision- 
making problems of Pythagorean fuzzy sets were discussed. 

Bosc and Pivert [9] stated “Bipolarity refers to the tendency of the human mind to make decisions 
on the basis of positive and negative effects. Positive information states what is desired, satisfactory, 
possible, or considered as being acceptable. At the same time, negative statements express what is 
rejected, impossible, or forbidden. Negative preferences correspond to constraints while positive 
preferences correspond to wishes, Later Lee [15] introduced the concept of bipolar fuzzy sets which 
is a generalization of the fuzzy sets. Recently, bipolar fuzzy models have been studied by many 
authors on algebraic structures. Chen et. al. [10] studied of m-polar fuzzy set. Then, they examined 
many results which are related to these concepts and can be generalized to the case of m-polar fuzzy 
sets. They also proposed numerical examples to show how to apply m-polar fuzzy sets in real-world 
problems. In [19] Naeem discussed Pythagorean m polar fuzzy sets. In [12, 14] Florentin Smarandache 
introduced the concept of neutrosophic refined and bipolar neutrosophic sets, as an extension of this 
[13] Smarandache came with the topic Bipolar Neutrosophic refined sets. R. Jhansi [16] introduced 
the concept of bipolar Pythagorean fuzzy sets which is an extension of the fuzzy sets, bipolar fuzzy 
sets, intuitionistic fuzzy sets, and Pythagorean fuzzy sets. The score function, accuracy function, and 
some basic operators are also discussed in this paper with real-life applications. 

Contrary to ordinary sets, multisets permit us to have multiple occurrences of the members. 
Blizard [7, 8] introduced multiset theory as a generalization of crisp set theory. As an extension of 
multiset, Yager introduced the notion of fuzzy multiset (FMS). Muhammad Riaz, Khalid Naeem, 
Xindong Peng, Deeba Afzal [17] introduced Pythagorean fuzzy multisets that have real-life 
applications by applying the concept of multiple-valued logic. Pythagorean fuzzy multisets provide 
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a strong mathematical model to deal with multi-attribute group decision-making (MAGDM). While 
tackling real-world problems, intuitionistic fuzzy multiset cannot deal with the situation if the sum 
of the membership degree and non-membership degree of the parameter gets larger than 1. It makes 
decision-making demarcated and affects the optimum decision. PFM sets assist us in handling such 
situations. [18] Muhammad Saeed explained the properties, Set-Theoretic Operations, and Axiomatic 
results of Refined Pythagorean fuzzy sets. 

In this paper, we introduce the concept of a bipolar Pythagorean refined set which is the 
combination of the bipolar Pythagorean fuzzy sets and Pythagorean refined sets. Also, we give some 
basic operators and algebraic properties of bipolar Pythagorean refined set operations with desirable 
examples. 


2. Preliminaries 

In this section, we recall the basic definitions and related results for developing the desired set. 
Definition 2.1. (Fuzzy set) [23] Let M be a fixed set, then a fuzzy sets Q in M can be define as: Q = {(m, 
Hg (m))/m eM} Where tg :M — [0,1] is called the membership degree of m € M. 


Definition 2.2: (Pythagorean Fuzzy set) [21] Let X be a non-empty set and I the unit interval [0, 1]. A 
PF set S is an object having the form P= {(x, H,(x),v, (x) :xe€X} where the functions 


(x): X >[0,1] and y po: X > [0,0] denote respectively the degree of membership and degree of 


non-membership of each element x € X to the set P, and 0 < (uz, @y + (v, (x))? <1 for each x € X. 


Definition 2.3: (Bipolar Pythagorean Fuzzy set) [16] Let X be anon-empty set. A bipolar Pythagorean 
fuzzy set (BPFS) A= EACLE FORCIN 74 )) :xeX} where w?:X >[01], 7? :X > [0,1] 


My :X >[-10], 7% : X >[-1,0]are the mappings such that 


O<(u,(x)) +,@0) S1, 


-1<-(u, (x)? +, (2))) $0 and 


1 denote the positive membership degree, n denote the positive non-membership degree, 4) 


denote the negative membership degree and 7} denote the negative non membership degree. 


Definition 2.4. [16] Let A= {(x, (ue 7”), (us )) -xeX} and 
B= {(x, Giatis as 5 )) : x € X} be two BPFSs, then their operations are defined as follows: 
(i) AUB ={x,max(u?,u2),min(7? 2 ),min(ge" 4 ),max(y" 7h): x € X) 

(ii) AN B={x,min(wy, Wy ),max(774 77, )-mMax(yey, Mg ),miNn(, .7, ): xe X} 

(iii) AS = (2, (74, Ma) (4 Ma) xEX} 

Definition 2.5. (Refined Pythagorean Fuzzy Set) [18] A Refined Pythagorean fuzzy set (rpfs) Agp in 
U is given by A, ={(x, 44,7 (2),v4"(2)):@E N/A eN’,a+B>3,ueU} where a,feN such 
that 


L OO 
My” (x).v4" (x) :U —> I with the condition that, 0 < Sus)? % oy <]. 


a=l B=1 
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3. Bipolar Pythagorean Refined Sets 

Despite the fact that electric cars have the potential to greatly decrease GHG emissions and 
enhance air quality, there are still obstacles that must be overcome before their widespread adoption 
can be achieved. 
Definition 3.1. (Bipolar Pythagorean refined set) Let X_ be the non - empty set in U. A Bipolar 


Pythagorean refined set (in short BPRs) Agpp on X can be defined by the form 


Appr {0% ( Sigg D+ Sajoy OD r000001 She D1 Fang 1 Fee OD peeeeeer Ia 


Appr 


GG @), 


FOO) pied a. OO) Ads, Oo) neti Oy) yee) 
Where , 


Ch Oi, Olen ser ya, Oo, Olid (xX - > 0l 
Gi Ore paiG kA) yt CO po ae (Cs. Oe LO) 


Such that O0<(6% (oO) +4, (OY <1 


Appr 


=1s AG a (x))* + (9. (x))* <0 for i=1,2,....,p for any 


Appr 


element x € X 


G , Ce re GQinieies - |) denote the positive membership degree. 


1+ 2 
mH (x), 8 


Appr 


63 penne a (x) denote the positive non membership degree. 
J- 


Sa, OD, att re meor ana j CA. OD) denote the negative membership degree. 


o, OD, a 6.9 eres a (x) denote the negative non membership degree. 


Definition 3.2. (Subset) Let Agpp, Bypp € BPRS(X) ,where 


Aue OS O)-6 4,  ente, O ) -S, G) ag )) 
CRG) pestis a ig (Op a Mago a) EKEX) 

Bice CEC, OO p.Ge ise OO Gs. Og anu OG), 
CF Mineo y ona Oe as, oie ee (REX) 


Then Appr is said to be BPR Subset of Bgpp and is denoted by AgpepS Bape if 


Gye oe 


Cy Ss, Fd 


Appr 
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Cay pA) 2 S Ban (x) pe Don (x) s org (x) 


for every x € X and i=1,2,.....,p 


Example 3.3: 
Let X be anon empty set in U.If Agpr and Bgpp are bipolar Pythagorean refined sets defined as 


follows. 


Agpr = {(%,([0.2,.03,0.5], [0.7,0.6,0.9})([ 0.5,—0.4,—0.3], [-0.4,—0.6, 0.7])):xe X} 


Bauppr = {(x, ({0.3,.0.4,0.6],[0.5,0.2,0.8])([ 0.6,—0.5,—0.4], [-0.2,-0.4, 0.3})) :xeX} 
We can say that Agpp C Bapr 


Definition 3.4: (Equality) Let Agpp , Bgpp € BPRS(X), where 


Ae 1c (a, Or ee One, OC, OG) 8 CO) OO); 
Cig A) nea Sa VO, Oe Oa, MA) peer Oy GR) YER EX} 

Bie =e CG, irae, CO) ote, Os Ol, Oe, ()), Ge A): 
Ga nye pa, OOK Gs, (Oe e, Masui Ge CO) exe x} 


Then Appr is said to be BPR set equal of Bypp and is denoted by Agpe=Bupp if 


Chnr$®) = SB (2), I, (8) = De. 
Shy p AX) ~ C Barn (x), eo (x) = Fon (x) 


for every x € X and i=1,2,.....,p 
Example 3.5. 


Let X be anon empty set in U. If Agpp and Bgpp are bipolar Pythagorean refined sets defined as 


follows. 


Appr = {(%+([0.2,.03,0.5],[0.7,0.6,0.9])([ 0.5,—0.4,—0.3], [-0.4,—0.6, 0.7])):xe X} 


Bupr = {(X,([0.2,.0.3,0.5],[0.7,0.6,0.9])([ 0.5,—0.4,—0.3], [—0.4,—0.6, 0.7])):xe X} 


We can say that Agpp = Bupr 
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Definition 3.6. (Complement) 


Let Agee € BPRS(X) . where 


Aig ACH Ga O65 OO ese, OA, Os AO) ee, Oe), 
Cr CO niieeGa. Ot. (he a) ei, (a) pee x 


The complement of Agpp denoted by Asp, and is defined by 


={(x, (9'* 


Appr 


(x), Qer 


Appr 


(X) pee OE* 


Appr 


Oise On Ga Cg OO); 


Agee BPR 


a (X) j..00.. yo. (x), CA, (x), SA, (X) peeeee. : om OD) :xeX} 


for every x € X and i=1,2,.....,p 


Example 3.7: 


Let X be anon empty set in U. If Agpp is bipolar Pythagorean refined sets defined as follows. 


Appr = {(x,([0.2,.03,0.5], [0.7,0.6,0.9])([-0.5,-0.4,-0.3], [-0.4,-0.6,-0.7])) : xe X} 
Then the complement of Agpr 


Appr = {(x,([0.7,0.6,0.9], [0.2,.0.3,0.5])({-0.4,—0.6,-0.7],[-0.5,-0.4,-0.3])): xe X} 


Definition 3.8. (Union) Let App , Bgpp €BPRS(X)., where 


Aree SCS, yee iain, JO ye ie COG On), 
Gi (iene a (Ma Oy We OD) pier. Oe) ee) 

Big Wey yoy utente, (ss Oy aa Cena, Wy Sp OO) 
Co AB she pe, Og A Oy, 1) pia pCO) EX) 


The union of Agpp and Bgpp is denoted by AgppU Bgpp = Cppp and is defined by 


Cor 1a W-Series, 0s Opa Oe Se AO) 
Gar (A) esa, il Ge AO) pe Oe ee x} 


Where, 
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SCs, (X) = max{Sh’  (X),55,,. (0) 


Appr 
Ie, (x) = min{H%,  (x),9 (x) } 


SCoen (x) = min{c. (x), Gok (x) } 


He (x) = max{ 9), (x), yn (x)} for every x € X and i=1,2,.....,p 
Example 3.9: 


Let X be anon empty set in U. If Agpg and Bgpp are bipolar Pythagorean refined sets defined as 


follows. 


Appr = {(%+([0.3,.0.5,0.7], [0.6,0.8,0.9])([ 0.2,—0.5,—0.6], [—0.5,—-0.6, 0.9])):xe X} 


Bape = {(x;((0.2,.0.3,0.6],[0.4,0.8,0.3])([ 0.3,—0.2,—0.7],[—0.7,—0.8, 0.5])):xeX} 


then the union of two sets is 


Cypr = {(%([0.3,.0.5,0.7], [0.4,0.8,0.3])([ 0.3,—0.5,—0.7], [-0.5,—0.6, 0.5])):xe X} 


Definition 3.10. (Intersection) 


Let Agpp , Bgpp € BPRS(X) . where 


Mae (CG, Oyo pacing OC) ae Oak, (COAG oy), 
OL CO nT PARC I PER Cd EN FOR C2 er HERE) Nie a2.) 

Bog SOG, SC, carere a, (ICG ON) ae, OO cesni, Ao AD) 
Ge uit pO) pe) Sauer EKER) 


The intersection of Appr and Bgpp is denoted by AgppM Bgpp = Depp 
Dypp= {( x, ( obo. (x) , Gp (x) posses , eres (x) , a (x) , a (x) prseees , aD (x)), 
(Sd,, 


1 SD yyy 2) 12-201 SDygg OID OD, ID CD rveerIp” (H)) xX] 


Where, 
SD (x)= min{sy ).55 (x)} 


I (x)=max{ I (x).9'  (x)} 
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SD ae (x) 7 max{sy (x), CB yy 


I (x) = min, (x), Hy (x)} for every x € X and i=1,2,.....,p 


Example 3.11: 


Let X be anon empty set in U. If Agpp and Bgpp are bipolar Pythagorean refined sets defined as 


follows. 


Appr = {(%+([0.3,.0.5,0.7],[0.6,0.8,0.9])([ 0.2,—0.5,—0.6], [—0.5,—0.6, 0.9])):xe X} 


Bapp = {(%3([0.2,.0.3,0.6], [0.4,0.8,0.3])([ 0.3,—0.4,—0.7], [-0.7,—0.8, 0.5])):xeX} 


then the intersection of two sets is 


Dypr = {(x,([0.2,.0.3,0.6,[0.6,0.8,0.9])([ 0.2,—0.4,—0.6], [-0.7,—0.8, 0.9])):xe X} 
Definition 3.12: (Addition) 


Let Appr , Bgpp € BPRS(X) . where 


Aspe = (004) Ce, Whine, (O),GE JO Oe Osevod Ora J); 
Ci anise a, COU, Ona A neti, (Ox ext 
B J I+ 2+ P+ I+ 2+ P+ 1- 
pepe (CC Ga Oe Cp, Ow one, Oe 2 7 a OD vere, Os (Gp) 
Gi Oe Or, Oe, Oe Oe, CO) nce, Ce XEX 


Then the addition of Apr and Bgpp is denoted by Appr © Bupr 


ce (x) - SB (x) ‘. E hec (1) 6 Bi (x), 3s, 


Appr 


(x9 (x) 


B ‘BPR 


Agpr © Bopp = ; 
(Sig Digg 2) Bigg 2) + Ig (2) ~ Fig Fin 2D) 
For xeX,i=1,2,...,p 
Definition 3.13: (Multiplication) 
Let Agpp , Bgpp € BPRS(X) . where 
Aspe CCS, Op Ca ice CO Onan, OO) te ey) 


Cee 


Appr 


Ga MX ieee a, Ah Cae isc, CO) eX} 


Appr 
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Bees SOC Se GN oe OM nny gn apa A) seas, Sa) 


Gre istn eG, CO) 5, ON) Wee (Oriente Ce) he) 


Then the multiplication of Agpp and Bgpp is denoted by Agpyp © Bypr 


(x) + Ge 


B ‘BPR 


(x) -— 3 


Appr 


(x) Gi 


B 'BPR 


ie (x)) 
Kick tek, Wns Wsk OH. OG _(0)) 
For x eX, i=1, 2, ..., p. 


(cing Ging 9 
Appr ® Bopp = 


4. Algebraic Properties of Bipolar Pythagorean Refined Set Operations 


Proposition 4.1: (Commutative Law) 


Let Appr » Bape BPRS(X) .Then 
(a) Appr U Bopr aa Bopr U Appr 


(b) Abpr O Bape = Bopp Appr 


Proof: The proofs can be easily made. 


Proposition 4.2 : (Associative Law) 


Let Agpp » Bapp€ BPRS(X) .Then 

(a) Aspe U(B pr Copper) = (Appr V Bape) VU Copp 

(b) Ager O Bape OC apr) = (Ager O Bape) O Cope 

Proof: Let Agpp Bapp and Cypp_ be three bipolar Pythagorean refined sets defined as follows. 


(Oyo Oe, 


Appr ={( x, ( ae (x), Ca. (x) aaa S hapy (* (x ) A 3; Appr (x)), (Sy PR (x) i 


Appr 


Ci, MO edit ne (AGIs Os aan Oo) yaa, yee Xs) 


Appr 


Bis OS. Or Gn. mee, COAG Oy Ua, iw, GO) es 0); 
Sa See, (sO ge 1) ules) ee) 

Cee Og ie COG ee, inte. Oe as 
a MO mates, COI Oe Ge, (Oi Oe OO) aKEX) 
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Then (Agpg UB ppp) U Cope = 


100 G7 OVGs NO) sie COVE, Oi va, 2Gny 


Oe Migs, OOM A) (se AR VCp OO eae, CVS, CO) Cats (x)Y 
Oe AM) paciey hy OVE, A ExeX OK (Ge Oi aaie x. Ge MOG. 3 Opens 
ae (x)), (Ga: (6.9 ener ; Go (x) (Ie, eo eee ; a (x)):xeX} 


SAKE VG 4) VG e,0 OO) prin Ga, COV Gs, COW 


Se O)) LCD, COVOR, COV IE OO) 70c5, CVG. COVGs Ce OY 
Ce Gen, (a) hence: Sh, VE, VS, C5, OV, @) VS. @)) 
eeoticiies a (x) Vv os (x) v, 3 ee (x)) :xeX}. 


= \( Me te (x)v VS Bg (x)v VS Cory (x)), ais his (x) Vv VC Bern (x) ¥ 


Soong (X)) 1 Ba, (2) WIG, CH) VIE (HD) secre Bee VIG” (VEST (XD) + Shug OY 
pM NO) uamanae 1, ON (Gp, CON Ce, Os 9, SVG. Nahe) 
‘atl ecdes Hn (x) v(G. Bann (*) Vr ae (x)) :xeX}. 


= Appr U(B BPR UC pr ) 


(b) The proof is obvious. 


Proposition 4.3: Idempotent Law) 


Let Appr , Bgpp € BPRS(X) .Then 
(a) Appr UV Ager = Appr 


(b) Appr O Appr = Appr 
Proof: The proofs can be easily made. 


Example 4.4: 
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Let X be anon empty set in U. If Agpp and Bgpp are bipolar Pythagorean refined sets defined as 


follows. 


Aspe = {(x, ({0.3,.0.5,0.7], [0.6,0.8,0.9])([ 0.2,—0.5,—0.6], [—0.5,—0.6, 0.9])):xe X} 


Then, 


Agpr ~ Appr = {(x, ({0.3,.0.5,0.7], [0.6,0.8,0.9])([ 0.2,—0.5,—0.6], [-0.5,—0.6, 0.9])) :xeX} 
Hence, Agpy U Agpp = Appr 
(b) The proof is obvious. 


Proposition 4.5: (Demorgan’s Law) 
Let Agpp , Bgppe BPRS(X) . 
c c 
(a) (Ager U Bion)” = Bopp OAgpr 
Cc Cc c 
b) (Ager OBopr) = Bape UO Appr 
Proof: The proofs can be easily made. 


Proposition 4.6: (Distributive Law) 


Let Appe » Bypp€ BPRS(X) . 
(a) Appr U (Bape -Y Copp) = (Appr U Bape) -Y (Appr U Cope) 
(b) Agpe O(Bape U Copp) = (Appr O Bap) VU (Appr OC app) 


Proof : Let Appr Bgpp and Cgpp_ be three bipolar Pythagorean refined sets defined as follows. 


Ap eS, Oe, COmmaie, 1, Ord, Oia OG), 
Ce dO ete, ta, sO in are OD) eX 

Bie NGG Gy. Co oy niin, A708; Oly, Oe OO ema, A) (Gn 
Gh Anais ) Mg Ay ig OO evap e Ce) ee) 

Cape OE 6e iO) Ge) Ree COAG 0), Be pte Ge. (y 


(Oe 


Copp 


be OO eac, ae. Cia 9e. OO) YEX) 


Copp 
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Then Appr U(Bgpe Capp) 


PUG, ON oe) eee OG, a 


Appr 


On ONG Or Ss iy es, OGRE, Ac, (i SKEX 0 


7 ~ Appr 


(COA Gy A) Ne) erie Ge NG NO) Cas NOR) peda A 


DF O)ikGr  O)NGe A) erin Gp CNG GA On A) NAS) jeanse Oe A 
KH (x)):xeX} 
1+ 1+ 1+ P+ P+ 
={(x, Cases (x) Vv ( S Bopp (x) NG Cup (x)) preeees , S Anpp (x) V (Sine (x) 
P+ 1+ 1+ 1+ P+ P+ P+ 1- 
NG Coop (X)) 7 Fa COV (FG CA Fo (1) reece Fa CX) VIR OO) AIC OD)» Sarre OO) ¥ ( 


Cp ONG Ce) yer OV Ge AALS. C0) Y (Oe NOE HO) iiss 


or 


Appr 


(x) v(Ge 


B BPR 


(x) ne (x)) :xeX} 
=((% (64, COV Ss, OMG 5, VSG, OD) neces 
(Cine OY Sing DAG hire OY SC OD) Cig OV Fig OD) MA DV Hg OD) soossee 


(x)) v9" 


Copr 


(G.* 


Appr 


(x) vor" 


B ‘BPR 


(x)) C9," 


Appr 


GONE JOWe, ONG. ONG nace 
(Ci, OS, ONG, (VEL, (CC, “Cow Dea) NCH SGV, SO) isis 


(x) v. oe" 


Cppr 


(, 


Appr 


(x) vor 


B 'BPR 


(x) ACH 


Appr 


(x)):xeX} 


= (Appr VU Bapy) O(Agpr VU Copp) 
(b) The proof is obvious. 


Proposition 4.7: (Double complement Law) 


Let Agpp € BPRS(X), then 
(Appr) — Appr 


Proof: Let Agpp be the bipolar Pythagorean refined set defined as follows. 
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Ase SUR Gs Oceans 4 20) C9, Oy 9, Ono Oi: Ga, AO) 


Ge A tai Ga (II Ny eM pati, CODER EX) 


Appr 


(x), get 


Appr 


Qos, 


Appr 


(Abpr = {Oy C9 


Appr 


(rer 00) Ge UO cde OO) 


BPR 


a (x), ee oh (x), Cn, OO, Ca OQ), Sass iG on OD) >xeX} 


(Aree) Se GE Oy 65) aes, SOO Oy. Oe, OO) ee F in 4 
Bee) Mae Oa i Manne) ee) 


Hence: (Apop) = Appr 
Proposition 4.8: (Absorption Law) 


Let Agpp , Bupa BPRS(X) . 
(a) Appr U (Appr -Y Bopr) 7 Appr 


(b) Appr ry (Appr U Bop) = Appr 


Proof: The proofs can be easily made. 


5. Conclusion 

This paper ensures the work of introducing the new set namely the Bipolar Pythagorean refined 
set by using the theory of the Bipolar Pythagorean set and Pythagorean refined(multi) set. Several 
operations and laws have been discussed along with some examples. In the future, Bipolar 
Pythagorean refined topological spaces can be introduced. And also, decision-making problems on 
bipolar Pythagorean refined sets can be introduced. 
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